Abstract. Let X be an ∞-topos, for example the ∞-category of simplicial sheaves on a Grothendieck site. Then ∞-group sheaves are group objects in X . Let A ∈ Grp X be such a group object. Then as X is an ∞-topos, there exists a universal BA-fiber bundle BA Aut A q − → B Aut A. We make q pointed, and show that as a pointed map, via the looping-delooping equivalence, it is a universal extension of group objects by A. In particular, semidirect products of group objects by A are classified by BA Aut A.
Introduction
The construction of Lie algebras on group sheaves as described in [SGA3, Exposé II] naturally involves extensions of group sheaves. We are interested in generalizing this construction to ∞-group sheaves and so were motivated to first examine extensions of ∞-group sheaves. Let us first review the Lie algebra of group sheaves construction.
Let X be a big site of a scheme S, and let G ∈ Grp X be a group sheaf. Then the tangent sheaf TG = Hom S (Spec(O S ⊕ εO S ), G) fits into a semi-direct product of group sheaves 0 → Lie G → TG → G → 1. One can see that in order to generalize this construction to the case of ∞-group sheaves, we need to get a handle on semidirect products of ∞-group sheaves. In particular, we need to have an analogue of the adjoint action map classifying a semidirect product. In this article, we classify semidirect products of ∞-group sheaves.
In section 1.1, we review small object classifiers in ∞-topoi [Lur09, §6.1.6]. In section 1.2, we review how one can use small object classifiers to classify fiber bundles [NSS14, §4.1]. Let A ∈ Grp X be a group object. Then there exists a universal BA-fiber bundle BA Aut A q − → B Aut A in X . After establishing some preliminary results about pointed ∞-categories in section 2.1, we prove our classification statement in section 2.2. We make q pointed, and show that as a pointed map, via the looping-delooping equivalence, it is a universal extension of group objects by A. In particular, semidirect products of group objects are classified by BA Aut A.
Our interest in Lie algebras of ∞-group sheaves comes from the following. Let G be an algebraic group on a scheme S, and let X f − → S be a morphism of schemes. Via the adjoint action map
, where the codomain is the stack of families of Lie algebras locally isomorphic to Lie G. It might be possible to compactify f * Form(Lie G) by letting the Lie algebras degenerate to Lie algebras on perfect complexes, which in turn could give information about limits in the stack of families of G-torsors f * BG. But for this, we need to handle Lie G, in the case where G is the automorphism ∞-group of forms of a perfect complex.
An analogous result to ours has been obtained in [Jar15, Theorem 9.66], but there only extensions of groupoid sheaves by group sheaves are classified, and not ∞-groups, which we need so that we can encode higher homotopies of perfect complexes.
We would like to thank Ajneet Dhillon, Nicole Lemire and Chris Kapulkin for the fruitful conversations on the topic of the article.
1. Groups and principal bundles in an ∞-topos 1.1. Small object classifiers in an ∞-topos. Notation 1.1.1. Let X be an ∞-category. Then we let Arr X = X ∆ 1 res 1 − −− → X denote the codomain fibration. Let S be a collection of morphisms in X . Then let Arr S X ⊆ Arr X denote the full subcategory spanned by S. Suppose that X has pullbacks, and that S is closed under pullbacks. Then we denote by Cart X ⊆ Arr X the 2-full subcategory with morphisms the pullback squares, and by Cart
Remark 1.1.1.1. The target map Arr X → X is a coCartesian fibration classified by the map
Suppose that X admits pullbacks. Then the target map is also a Cartesian fibration, classified by X op
Cat ∞ . Its restriction to Cart X is a right fibration classified by 
The left-hand arrow is a trivial fibration by definition. Since the map Cart S X cod − − → X is the restriction to the full subcategory of cod-Cartesian edges of the Cartesian fibration Arr S (X ) cod − − → X , the right-hand arrow is a trivial fibration by Lemma 1.1.3.1. This explains why π is called a universal map of property S: every morphism X ′ f − → Y ′ of property S fits into an essentially unique Cartesian diagram of the form
In this situation, the map c f is called the map classifying f .
the induced map on overcategories. Then the map p /x is a trivial fibration.
Proof. Let n ≥ 0. Then a lifting problem
corresponds to a lifting problem
which has a solution, since p is a right fibration. (1) Colimits in X are universal.
(2) For all sufficiently large cardinals κ, there exists a universal relatively κ-compact morphism in X . Notation 1.1.5. Let κ be a regular cardinal, and let S denote the collection of relatively κ-compact morphisms. Then we let Cart κ X = Cart S X . We denote a universal relatively κ-compact morphism by Obj κ π − → Obj κ .
1.2. Principal bundles and fiber bundles. In this subsection, let us fix an ∞-topos X . Definition 1.2.1. Let G ∈ Grp X be a group object and P ∈ X an object. Then a (right) G-action on P is a morphism
is Cartesian, and we have P 0 ≃ P. Let Action-G ⊆ Grpd(X ) /G denote the full subcategory of right G-actions.
Remark 1.2.1.1. Let G be a discrete group acting on a set P from the right via the action map Let G ∈ Grp X be a group object, and X ∈ X be an object. Then principal bundles are classified by morphisms X → BG. That is, we have an equivalence
where the map Action-G → X is given by taking a map of groupoids P → G to lim − − → P. The equivalence is given by taking geometrical realizations and restricting to −1 ∈ ∆ + . Definition 1.2.3. Let V, X ∈ X be objects. Then a V-fiber bundle over X is a map E p − → X such that there exists an effective epimorphism U ։ X, and a Cartesian square
The space of V-fiber bundles is the full subcategory Bun V ⊆ Cart X of V-fiber bundles.
Proposition 1.2.4. Let V ∈ X be a small object, ie. a κ-compact object for some regular cardinal κ. Then every V-fiber bundle is relatively κ-compact.
Proof. This is a special case of [Lur09, Lemma 6.1.6.5]. 
We have a zigzag of trivial fibrations
that is q is a universal V-fiber bundle. 
is Cartesian, which proves our claim. Proof. It will be enough to show that the unit map id C /X η − → f * f ! is an equivalence. Consider a bundle P p − → X. It gives the following diagram.
Since f is a monomorphism, so is its pullback ( f p) * f . Since (( f p) * f )η P = id P , by the uniqueness of the epi-mono factorization, the map η P is an equivalence, as required.
Classifying group extensions and semidirect products
Definition 2.0.8. Let X be an ∞-topos, and G, A two group objects in it. A group extension of G by A is a fibration sequence A →Ĝ → G in Grp X That is, group extensions of G by A are equivalent to pointed fibration sequences of the form BA → BĜ → BG. If we could interpret the latter as BA-fiber bundles in X * , then they could be classified as such. Unfortunately, this is not possible, due to the fact that if X is nontrivial, then X * is not an ∞-topos.
Proposition 2.0.9. Let X be a pointed ∞-topos. Then X is contractible.
Proof. Let X ∈ X be an object. Then we have a canonical map X → * . Since * is also an initial object, X needs to be initial too [Lur09, Lemma 6.1.3.6]. This shows that every object in X is initial, and thus X is contractible ) ⊳ Uσ − − → X is so. Therefore, we can define the ∞-category of group extensions by A as follows.
Definition 2.0.10. The ∞-category of group extensions by A is the full subcategory Ext A ⊆ Cart X * on maps with codomain of the form BG for some G ∈ Grp X , and with fiber BA. Note that by construction the domain is also the delooping of a group object. Let G ∈ Grp X be a group object.
Then Ext(G, A) = Ext A (BG) is the classifying space of extensions of G by A.
We can make the universal BA-fiber bundle BA Aut BA Proof. Let X ∈ X and (Y, y) ∈ X * . We want the inclusion map X η X − − → X ⊔ * to serve as a unit map. Then we need to show that the composite
is an equivalence. By [Lur09, Lemma 5.5.5.12 and Theorem 4.2.4.1], we have a pasting diagram
which proves our claim. Proof. Ifσ * is Cartesian, then so is Uσ * , since U is a right adjoint, which shows necessity. To prove sufficiency, let us suppose that Uσ * is Cartesian. Let us denote by σ * the restrictionσ * |Λ 2
2
. We need to show that for any n ≥ 0, any lifting problem of the form
has a solution. But such a lifting problem is the same as a lifting problem of the form * ⋆ ∂∆ n (X ) /Uσ * * ⋆ ∆ n (X ) /Uσ * which has a solution, since Uσ * is Cartesian.
2.2.
Classifying group extensions and semidirect products. Now we are ready to classify group extensions. Let us fix a group object A ∈ Grp X . [NSS14] . Note also that the map classifying a semidirect product which is central factors through * , and is thus trivial.
Proof of Theorem 2.2.1. We claim that q ∈ Ext A is a final object, that is the restriction map (Ext A ) /q → Ext A is a trivial fibration. Let n ≥ 0, and suppose given a lifting problem of the following form
This gives rise to the following lifting problem 
Conclusion
As stated in Corollary 2.2.1.1, a semi-direct product of ∞-group sheaves 1 → A →Ĝ → G → 1 is classified by a pointed map BG → BA Aut BA, which we can view as the ∞-categorical version of the adjoint action G → Aut A.
Towards constructing Lie algebras of ∞-group sheaves, the next step will be to specialize to the case of the semidirect product 0 → Lie G → TG → G → 1, which can be constructed analogously to the classical way in Homotopical Algebraic Geometry [TV08, §1. 
